EXTENSION OF POSITIVE DEFINITE FUNCTIONS 



PALLE E.T. JORGENSEN AND ROBERT NIEDZIALOMSKI 



Abstract. Let U C I" be an open subset of R n . We say that a function F: Q — Q — > C is positive definite 
if for any x\ , . . . , x m £ Q and any c\ , . . . , c m £ C the following holds 

m 

^ F(xj - x k )cjcj: > 0. 
i,*=i 

£\J ■ Let F: Q — Q — >Cbea continuous positive definite function. We give necessary and sufficient conditions for 

F to have an extension to a continuous and positive definite function defined on the entire Euclidean space 
R n . The conditions are formulated in terms of strong commutativity of some certain selfadjoint operators 
defined on a Hilbert space associated to our positive definite function. 
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1. Introduction 

Let SI C R™ be an open set and let F : SI — Si — > C be a function, where SI — SI = {x — y: x,y E SI}. We 
say that F is positive definite if for any x±, . . . , x m G SI and any c\ , . . . , c m G C 



} , F(xj - x k )cjc k > 0. 

3,k=l 

In particular, if F is a positive definite function, then F(0) > and for any z E SI — SI 



F(-z)=F(z) and |F(^)| < F(0) 

. We consider the extension problem for continuous positive definite function defined on an open subset of 

the Euclidean space R™. By extension we always mean an extension to a continuous and positive definite 
function defined on the entire space R™. We give necessary and sufficient conditions for F to have an 
extension. The conditions are formulated in terms of strong commutativity of some certain selfadjoint 
. operators defined on a Hilbert space associated to our positive definite function. 

While there is a substantial literature on positive definite functions and their role in applications, the 
problem of extensions is less studied. Here we address this question in the case of extension from certain 
open subsets SI in R™. For n = 1, this was addressed first by Krein [12], but if n > 1, it is known, that 
extensions may fail to exist, see e.g., Q]5] and the discussion below. On the other hand, the case of several 
variables is of interest in physics and in the theory of boundary values. In these areas, the distinction 
between local (in some open subset in R") vs global (all of R") concerns particles at infinity, as well as the 
presence of commuting observables, if we adopt the axiom of quantum theory with observables represented 
by selfadjoint operators in Hilbert space. 

In this paper we show that for a fixed locally defined positive definite continuous function F there is an 
associated Hilbert space, and a system of commuting Hcrmitian operators with common domain, such that 
the existence of strongly commuting selfadjoint extensions is equivalent to extendability of F to a globally 
defined continuous positive definite function on R". 

For background references on positive definite functions and their applications, see [6], [13], [4], [3], [16] . 
[15] , [17] . In a special case, in [6] , the idea of connecting spectral theory to the study of commuting selfadjoint 
extensions was suggested there. 

Let SI C R n be a symmetric (ie!]=> — x £ SI}) and convex set. Then Si — SI = 2SI = {2x : x G SI}. Krein 
(|12|) studies this extension problem in the case when Si is a bounded interval (— r, r), r > 0. He proves 
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that a positive definite extension always exists, but is not necessarily unique. Later Devinatz ([S]) gives 
necessary conditions for existence of extensions when the domain is a rectangle (— r\,r\) x (— r-i^r^) C R 2 . 
In [18) Rudin extends the result of M. Krein and proves the following. Every radial positive definite function 
defined on a ball B(0,r) = {x £ R™ : |x| < r} extends to a radial positive definite function defined on the 
entire space R™. Nussbaum ([Sj) gives a characterization (similar to the theorem of Bochner, see below) 
of continuous positive definite functions obtaining the result of Rudin as a corollary. Moreover, in |19j 
the author gives an example of a bounded continuous positive definite function defined on the unit cube 
I™ = {x = {x\, . . . , x n ) £ R" : \xi\ < l,i = 1, . . . , n} that cannot be extended. Therefore in order to be 
guaranteed the existence of an extension we have to impose some symmetry conditions on the function or 
on the domain of the function. 

The problem of extending positive definite function doesn't have to be restricted to the case of a subset 
of the Euclidean space. The notion of a positive definite function can be introduced for example for groups 
and semi-groups, and the extension problem can be considered there. One article in this direction that we 
would like to mention, that we borrowed some ideas from, is [5], where the author studies positive definite 
functions defined on a Lie group and he gives necessary and sufficient conditions for existence of extensions. 
Moreover, the range of a positive definite function doesn't have to be the set of complex numbers. For 
example matrix-valued or operator-valued positive definite function have been studied. 

1.1. Statement of the problem. We have the following well-known characterization of continuous positive 
definite functions. Let il C R ra be an open set. 

Theorem 1.1. Let F : fl — O — > C be a continuous function. Then F is positive definite if and only if for 
any tp £ Co(f2) (see remark below) the following holds 

F(y — x)ip(x)tp(y)dxdy > 0. 

Remark 1.2. The theorem holds true if we replace the class Co(f2) of continuous functions with compact 
support with the class Co°(0) of smooth functions with compact support. 

For tp £ Cq°(D,) we define a function F v : 51 — >• C by 

F v (x) = / F(x - y)ip(y)dy 

and for tp, i/j £ Cg°(fi) we put 

(F V ,F^)^ / / F(y - x)tp(x)ip(y)dxdy. 
Jn Jn 

We define 

W = {F v :p£CZ°(n)} 

Then W is a complex vector space and (•, •} is a complex inner-product on W (see next section). We complete 
(W, (•,•)) to get a complex Hilbert space Hf- For j — 1, . . . , n we consider dense operators — ig§- : T~Lf -^%f 
given by 

( d \ 

-i- — F v = ~iF o v 
V dxj J 

for F<p £ W. The main theorem that we prove is the following. 

Main Theorem. Let F: fl — Q — > C be a continuous positive definite function, where fi is an open subset 
of R™. Then there exists an extension of F to a continuous positive definite function on the entire Euclidean 
space R n if and only if there exist selfadjoint strongly commuting extensions of the operators — igf-- 

Remark 1.3. In the above strong commuting means that the associated spectral measures commute. 

Remark 1.4. The theorem is related to the following theorem of Bochner. Let M(R") be the set of all finite 
positive Borel measures on R™. For a measure [i £ M(R n ) we define its Fourier transform jl: R™ — ► C to be 
the following function 

/*(*) = / e^dnix) 





where (•, •) denotes the standard inner product on R". Then the following holds 

Theorem 1.5. (Bochner) Let G: M™ — > C be a continuous function. Then G is a positive definite function if 
and only if there exists a measure fi £ M(R n ) such that G = fi. 

For a proof of the Bochner theorem we refer the reader to [11] . 

Remark 1.6. Here we recall the definition of a positive definite tempered distribution. It can be view as a 
generalization of the theorem of Bochner (see [T]). Let T £ S' be a tempered distribution. We say that T is 
positive definite if there exists a Borel measure v on M" satisfying 

f dv{x) 
J Rn (l + \x\z) P <0 ° 

for some p £ N such that for any test function ip £ S 

T(<p) — / (p{x)du{x). 

1.2. Organization of the paper. In the next section we study the Hilbcrt space Hf ■ We prove that the 
form (•, •) defined above is a complex inner-product on the space W. We show existence of elements 7 a £ Hf, 
a £ CI, that behave like Dirac delta functions. In particular, for a, b £ CI 

F(a - b) = I I F(y - x)-f b (x)-f a (y)dxdy = {^ b , j a ) 
Jn Jn 

This identity plays a crucial role in the proof of the main result. Then we follow with a section where we 
gather some facts about orthogonal projection- valued measures. In the section 4 we show that the operators 
— ig|r are Hermitian. If Aj is a selfadjoint extension of the operator — igfr, we study the strongly continuous 
one-parameter group Uj(t) of unitary transformations associated to the operator Aj, j = 1, . . . , n. In section 
5 we give a proof of the main theorem and in the last section we show that a positive definite function 
defined on an open subset of the real line always admits an extension. We show that the Hilbert space Hf 
and the reproducing kernel Hilbert space associated to F are unitary isomorphic, and we briefly talk about 
the connection of the extension problem with the Fuglede conjecture. 

2. The Hilbert space Hf 

Let f2 C M. n be an open set and let F: O — £1 — > C be a continuous positive definite function. Recall that 
for (p £ C^°(il) the function F v : fl — > C is given by 

F v (x) = / F(x - y)ip(y)dy. 
Jn 

and for ip,tp £ C^°(f2) we define 

{F V ,F^)^ I I F(y - x)(p(x)ip(y)dxdy 
Jn Jn 

Denote by F e the extension of F to K n by putting F e = in the complement of CI — fi. Then F v is the 
convolution of F e with <p i.e. for x £ Q 

F v (x) = F e * <p(x) = f F%x-y)<p(y)dy 

and for ip,ip £ qj°(0) 

(1) {F v ,F il )= f F e * V (y)^)dx= f F v (x)^)dx 

JE" JR" 

We note that for any ip £ ($1) the function F e * </? is smooth and it has compact support when is a 
bounded set. 

Lemma 2.1. The form (•, •) is a complex inner-product on the space W. 
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Proof. We need to show that (•, •} is positive definite i.e. 

(F V ,F V ) = 0=^F V = 

We denote by (</> e ) a smoothing kernel i.e we take a smooth non-negative function <j) with support contained 
in the unit ball -Bi(O) = {x G M™ : |a;| < 1} satisfying J <\> = 1, and we define e (x) = I / e n <p(x / e) . Moreover, 
for any a G R™ we put 4> aj e{x) = <f> e (x — a). 

Let i 7 ^ G W be such that (F v , F v ) = 0. We take A 6 C and F^, G W and we consider the quantity 

(i 7 ^ + Ai 7 ^,, i 7 ^ + XF^), 

which we know is non- negative by Now we proceed as in the proof of the Cauchy-Schwarz inequality 

to get that 

(F v ,Fi,) = 

Indeed, we compute 

0< {F v + XF^,ip + XF^) 

= {F V ,F V ) + X(F (p ,F i ,) + X(F 4>1 F V ) + \X\ 2 (F^,F^) 

= 2Re(A(F v ,F l/) >) + |A| 2 (F^,F^) 

Taking 6 G [0, 2n) such that e" 40 (F v , F^,) > and putting A = te iB for ieKwc get that 

< 2t\{F v ,F^)\ +t 2 (F il ,F^) 

Therefore, since t G M is arbitrary, we conclude that (F V ,F^,) = 0. The fact that F v — follows from the 
lemma below. □ 

Lemma 2.2. Put F a e = F ( f >a t . For any a G fi 

(2) (F v ,F a>e )->F v (a) 
Proof. We have 



\(F v ,F a , e )-F 9 (a)\ 



F(y - x)(p(x)(f> aie (y)dxdy - / F(a - x)ip(x)dx 



n Jn 



(F(y - x) - F{a - x))<p{x)4> ate {y)dxdy 

in Jn 

Now we use continuity of the function F. □ 

The Hilbert space 'Hi? as the completion of the space (W, (•,•}) consists of equivalence classes of Cauchy 
sequences of W, where the equivalence relation is given by 

(F Vn ) ~ (F^J <S> \\F Vn ~ F^J -> 

for two Cauchy sequences {F Vn ) and {F^, n ). The inner-product in is given by 

(l(F Vn )UmJU = lim (i^i^J 

Moreover, the space W is a dense subset of Hf under the identification of an element F v G W with the 
constant Cauchy sequence (F v ). The following holds. 

Lemma 2.3. For any uGll £/ie sequence (F a ^/ n ) is Cauchy in W. W^e denote "f a = [(F a u n )]^, G Hf- 
Proof. The proof is similar to the proof of the lemma (|2.2[) . □ 
Combining lemma 12.21 and lemma 12.31 we get that for any F^ G W and any a G SI 

(3) F v {a) = {F v , la ) 

We call ([3]) the reproducing identity and we call the collection {-f a : a G fl} the reproducing kernel for Hp 
(see the last section). Therefore the set span {-f a : a G il} is a dense subset oi Hf- We also get that 

(4) (76,7a) =F(o-6) 
for any a, b G f2. 



3. Projection-valued measures 

Let X be a metric space and let B — Bx be the Borel a- algebra of subsets of X. Let H be a Hilbert space 
and let Proj(iJ) be the set of orthogonal projections P on H i.e. P = P 2 = P*. A mapping E: B — > Proj(i2) 
is said to be an orthogonal projection- valued measure if 

(i) For any / G H the function \if : B — > [0, oo) given by 

M/ (A) = ||25(A)/|| 2 = (25(A)/,/) = (/, 25(A)/) 

is a finite Borel measure with 



n,(x) = / dn f = n/r 

(ii) For any Ai, A2 G B we have that 

25(A X n A 2 ) = 25(A X )25(A 2 ) 

We will need the following. 

Lemma 3.1. Let H be a Hilbert space, let n > 1, and let {A,}™ =1 be a system of selfadjoint operators 
(generally unbounded), each with dense domain in H , and let Ej be the orthogonal projection-valued measure 



associated to Aj i.e 



j xEj(dx). 



Then the following conditions are equivalent: 

(i) The operators {A,}™ =1 strongly commute 

(ii) For zj G C with ImZj 7^ 0, j = 1, . . . , n, the system of bounded operators {(zjl— ^4-j) }? = i commutes 

(iii) For t = (t 1} . . . , t n ) G E n put 

n „ 

U(t) = e ltlAl e lt2M e lt " A " = TT / ^ dE i( x i) 

J=1 h, 

Then {U(t)} t <£K.n is a strongly continuous unitary representation o/(R",+) on H. 

(iv) There is a orthogonal projection-valued measure E defined on the Borel a-algebra B n = Br™ such 
that for all sets Ai G B\ 

Ej(A) = 25 (R x ... x A x ... x R). 
Proof. See [S] , [7] , [TO] • □ 

4. The operators —i-S-. 

dxj 

Lemma 4.1. T7ie operators — Jgf- : W — > W, j = 1, . . . , n, are Hermitian i.e. for any F v , F^ G W 



(5) \{-%) F ^) = \ F *\-%) F > 

Proof. We compute using the integration by parts formula 



□ 

Let Aj : Dj C Hf Hf be a, selfadjoint extension of the operator 

-i^-: W C% ->W cHjr. 
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Let Ej be the orthogonal projection- valued measure associated to Aj and let Uj be the strongly continuous 
one-parameter group of unitary operators defined by Aj i.c 



Uj(t) = e ltA > = / e ltx dEj{x) 
Jm 

for any i 6 R. Then Aj is uniquely determined by Uj and for / 6 Dj and teRwe have that Uj(t)f € Dj. 
Moreover 

Dj = {fen F : j t \t=oU(t)f = Jim ^ ~ 7 exists} 

and for / 6 Dj and sel. 

Aj/ = -ij t \ t=0 U 3 {t)f and ||t=^i(*)/ = ^004,-/ = iAjUj(s)f 
We will need the following. We denote by (ei, . . . , e„) the standard basis of W 1 . 

Lemma 4.2. Let a, b G M mm£A a < b be such that [aej, bej] = {a(l — i)ej + btej : < t < 1} C fi. TTien 
(6) [7,(6 - a)7 aGj . = 7 hej . 

Proof. Let a, 6 6 R be such that [aej, bej] £ 17, let F v £ W, and let ((j> e ) be a smoothing kernel. For each 
e > we consider g e : [0, b — a] — > C given by 

g(t) = (Fp, Uj(b -a- t)F (a+t)e . t6 ) 

Then 



(F v ,F bej , e -U j (b-a)F c )=g(b-a)-g(0) = / 

Jo 

(Fip, (J^\t= s Uj(b -a-t) \ F (a+t)e ^ e + Uj{b-a- s)-^\ t = s F (a+t)e . >e )ds 
(F v , Uj(b -a- s) (^--J^-F {a+t)eje + ^\ t =sF( a+ t) ej ,^j)ds = 0, 



since 

d d 

We get that 

(7) F bej>e = Uj(b-a)F aej>e 

Taking the limit in (JT]) when e -» yields ^ □ 

5. Proof of the Main Theorem 

Proof of the Main Theorem. (<^) Suppose that there exist self-adjoint commuting operators Aj : Dj C TLf 
Tip that extend the operators — «g§-: W C Hp — >• W C j = 1, ...,n. Let i?.,- be the orthogonal 
projection- valued measure associated to Aj . We define the following strongly continuous n-parameter group 
of unitary transformations of Hf ■ For t = (ti, . . . , t n ) £ M. n define 

U(t) = e^U^ = n Uj(tj) = n / e^dEjixj) = / e^dE(x), 

(see lemma l3Tj) . We fix xq £ 12 and we define a function F: K™ — >■ C by 

F(t) = ( 7iC0 ,C/(i)7x ) 
Hence, if we denote by /x the finite positive Borel measure 

B„9A^( 7l0) £(A) 7lG ), 

then 

= / e^d^x) = /x(t) 



Therefore F is a continuous positive definite function. We will show that F is an extension of our function 
F. Since Uj(t) = U(tej) for t £ R, we get by © for a - b £ Q - Q, 

F(a ~b) = { lxoi U(a - 6)7*0) = (U{b) lxo ,U{a) lxo ) = ( 7i ,,7a) = F(a - b) 

(=>) Let F: R™ -> C be a continuous positive definite function that extends our function F. Then by the 
theorem of Bochner there exists a finite Borel measure /i such that F — /*. For any F v , F^ g W we have 



{F 9 ,F^)= / F(y-x)<p{xW{y)dxdy 



r i < ti *)(p(x)dx\ CJ e~^y^(y)dy^ d[i(t) 



We denote for <p £ Cg°(R n ) 



for t £W\ Then 



£(t) = / e~ l{t < x) ip(x)d. 



x 



(8) = / (p(t)i>(t)d»(t) 

JM." 

Therefore the map 

W 3 F v ^(pEL 2 {dn) 

is a linear isometry, which can be extended to a linear isometry W : Hf L 2 (dn). For t S R" we consider 
the multiplication operator 

(9) g 27 ™^.-). L 2 {di±) — > L 2 (d[i) 

We obtain a strongly continuous n-parameter group V(t) of unitary transformations of L 2 (d[i) i.e. 

V(t)/ = e 2 -<*-->/(-) 

Therefore = W*V(t)W is a strongly continuous n-parameter group of unitary transformations ouHf- 
We put 

Dj = {f£% F : ^\ t=0 W(t)f = lim W ^ - f exists} 
and we define an operator Aj : Dj — > Tip by 

A j f = -i£-\ t=0 W(t)f 

Then, it is well-known, that the operators Aj are selfadjoint and that they strongly commute. Moreover 
they extend the operators — i : W — > W. Indeed, for F v £ W we have 

AjF v = -i — \ t=oW (t)F v = -zVT ( — |t=oV(<)0 

= -iVF*(a; — s> 2TriXjip(x)) = —i- — F v 

OXj 

This finishes the proof. □ 

6. Remarks 

We collect some corollaries to the main theorem. 

Corollary 6.1. Let CE(F) — {A — (A\, . . . , A n )} be the set of all strongly commuting extensions Aj, 
j = 1, . . . , n, of the operators — ig^r : VV — > W, and let M(F) be the set of all finite Borel measures /1 on R™ 
such that F(z) = J2(z) for z £ f2 — Q. Then there exists a bijective correspondence CE(F) M(F). 

Corollary 6.2. A continuous positive definite function F: Q — Q — > C, with Slcl being an open set, has 
always an extension to a continuous positive definite function defined on the entire real line R. 

7 



Proof. We need to show that the operator 

-i^-: W CHf^W CHf 
dx 

has a selfadjoint extension. Since any open subset of R is a countable union of disjoint open intervals, we 
may assume that 57 is an interval (p, r) for some p < r. We define J : (p, r) —¥ (p, r) by J(t) = —t+p + r. 
For ip G CJ°(0) put yjj: 57 -> C by ^j(t) = <p(J(t)) and then set JF V = F VJ . Then J: W -> W is a 
conjugation i.e. J is conjugate-linear J(iF v ) = —iJF^, J 2 = Id, and = H-F^ll for any F v G W. 

Moreover J o (— i g§-) = (— *g§-) o J, j = 1, ■ ■ ■ ,n. This follows from the fact that J is conjugate-linear and 
that 

<9<A/ = _ / 

dxj \dxjjj 

Thus —i-^—, as a Hermitian operator that commutes with a conjugation has an extension to a selfadjoint 
operator, by a theorem of von Neumann. □ 

Let fx be a finite positive Borel measure on R™. We define a representation {V^(t)}t^M n on L 2 (d/j,) by 

(V^)/)(z) = e(z •*)/(*) 

where / G L 2 (dfi), x,t G R™, and 
We have the following. 

Corollary 6.3. Lei 57 C 1" be an open set and let F : 57 — 57 — > C be a continuous positive definite function. 
Then F is extendible to a continuous positive definite function F defined on R" if and only if there exists 
a unitary representation {U(t)}teR n on Hp such that (U(t),'HF) is unitary equivalent to the representation 
(Vfi, L 2 (d^)), where /i is a positive definite measure such that F = fi. 

6.1. Connection with the Fuglede conjecture (see [6]). We can extend the notion of a positive defi- 
nitcness from function to distributions. The definition was introduced by L. Schwartz ( 20 ). Let 51 C R™ 
be an open set and let T G V(fl — fi) be a distribution. For a function ip G Co°(f2) and x G 51 we define 
(f x : x — 57 — >• C by ip x (x — y) = y>(y), where y G 57. Since x — 57 C 57 — 57 we can view tp x as an element of 
the space C^°(57 - 57). We put 

T v (x) = T(ip x ) 

for x G 57. Then T v is a smooth function on 57 (compare with the convolution of a distribution with a test 
function). We say that the distribution T is positive definite if for any ip G (f7) we have that 

/ T ip (x)(p(x)dx > 
Jn 

We consider the delta Dirac function 5 = Sq. For <p G C°°(57) we have that 8 V = <p x {0) = <Px{x — %) = f{x)- 
Therefore the delta Dirac distribution 5 is positive definite. We can carry over the construction of the Hilbert 
space Hf, where _F:57 — 57— ^ C is a continuous positive definite function, to the case of the delta Dirac 
function 5. We get the Hilbert space Hs (see (p}). Since 8 V — <p, we see that %$ = L 2 (57). If 57 C R then 
the dense operator —ij^'- L 2 (Q) — > L 2 (57) has a selfadjoint extension. Therefore we have the associated 
projection valued-measure E. Denote A = spec(£') = {A G R: ^({A}) > 0}, and let's look at the following 
two examples. (1) Let 57 = (0, 1) U (2,3) C R. Then A = {0, 1/4} + Z and the corresponding eigenspaces 
have dimension one. (2) Let 57 = (0, 1) U (3, 5) C R. Then A = (1/2)Z and the corresponding eigenspaces 
have dimension one or two. 

6.2. Reproducing kernel Hilbert space associated to a positive definite function. There is a 
construction that associate a reproducing kernel Hilbert space to a positive definite kernel (see [2]). In our 
case, ifF:57 — 57^Cisa positive definite function, where 57 is an open subset of R™, we can associate a 
reproducing kernel Hilbert space in the same way. Namely, for each a G 57 we define a function k a : 57 — > R 

by 

k a (x) = F(x - a) 
8 



Then the space Wp — span{& a :a£i]} together with the inner-product 

m m m 

Cjk aj , ^ djkaj ) F = F ( flfe ~ a j) c J d k 

3=1 3=1 3,fc=l 

is a complex pre-Hilbert space. Its completion Hf is called the reproducing kernel Hilbert space associated 
to F. We note that 

{k a ,k b ) F = F(b - a) 

Since 

mm m 

Y °^ a i = ° E F ( Uk ~ a j) c jCk = <^ Y ''A' = 

3=1 j,k=l 3=1 

the assignment 

la H' fe a 

gives rise to a well-defined map between Hilbert spaces "H^ and Hp , which is a unitary isomorphism. 

We can repeat the above construction of the reproducing kernel Hilbert space in the case of the Dirac 
delta function i.e we identify 8 with the positive definite function x = Xo given by x(0) = 1 and x( x ) = 
for x 0. Then Hg — l 2 (fl). Since we have that Hs = L 2 (n), we conclude that Us ^ Hs. 
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